In this paper, various higher-order shear deformation beam theories for bending and free vibration of functionally graded beams are developed. The developed theories account for higher-order variation of transverse shear strain through the depth of the 
Introduction
Functionally graded materials (FGMs) are a class of composites that have continuous variation of material properties from one surface to another and thus eliminate the stress concentration at the interface of the layers found in laminated composites. Typically, a FGM is made from a mixture of a ceramic and a metal in such a way that the ceramic can resist high temperature in thermal environments, whereas the metal can decrease the tensile stress occurring on the ceramic surface at the earlier state of cooling. The FGMs are widely used in mechanical, aerospace, nuclear, and civil engineering.
Due to increasing of FGM applications in engineering structures, many beam theories have been developed to predict the response of functionally graded (FG) beams. The classical beam theory (CBT) known as Euler-Bernoulli beam theory is the simplest one and is applicable to slender FG beams only. For moderately deep FG beams, the CBT underestimates deflection and overestimates natural frequency due to ignoring the transverse shear deformation effect [1] [2] [3] . The first-order shear deformation beam theory (FBT) known as Timoshenko beam theory has been proposed to overcome the limitations of the CBT by accounting for the transverse shear deformation effect. Since the FBT violates the zero shear stress conditions on the top and bottom surfaces of the beam, a shear correction factor is required to account for the discrepancy between the actual stress state and the assumed constant stress state [4] [5] [6] [7] . To avoid the use of a shear correction factor and have a better prediction of response of FG beams, higher-order shear deformation theories have been proposed, notable among them are the third-order theory of Reddy [8] [9] [10] [11] [12] , the sinusoidal theory of Touratier [13] , the hyperbolic theory of Soldatos [14] , the exponential theory of Karama et al. [15] , and the unified formulation of Carrera [16] [17] . Higher-order shear deformation theories can be developed based on the assumption of a higher-order variation of axial displacement through the depth of the beam [18] [19] [20] [21] [22] [23] [24] or both axial and transverse displacements through the depth of the beam (i.e. via the use of a unified formulation) [25] [26] [27] .
In this paper, various higher-order shear deformation beam theories for bending and free vibration of FG beams are developed based on the assumption of a constant transverse displacement and higher-order variation of axial displacement through the depth of the beam. The proposed theories satisfy the zero traction boundary conditions on the top and bottom surfaces of the beam, thus a shear correction factor is not required.
In addition, these theories have strong similarities with the CBT in many aspects such as 
Kinematics
Consider a functionally graded beam with length L and rectangular cross section (1) the axial and transverse displacements are partitioned into bending and shear partition of transverse displacement into the bending and shear parts helps one to see the contributions due to shear and bending to the total transverse displacement.
The nonzero strains are given by
are the shape functions of the transverse shear strains given in Table 1 for various beam models. These shape functions represent the distribution of the transverse shear strains, and hence the transverse shear stresses, through the depth of the beam. Fig. 2 illustrates the transverse shear strain shape function of different models. It is shown that the distribution of transverse shear strain is approximately parabolic, thus satisfying the zero shear stress conditions on the top and bottom surfaces of the beam.
Equations of motion
Hamilton's principle is used herein to derive the equations of motion. The principle can be stated in analytical form as [28]  
where t is the time; 1 t and 2 t are the initial and end time, respectively; U  is the virtual variation of the strain energy; V  is the virtual variation of the potential energy; and K  is the virtual variation of the kinetic energy. The variation of the strain energy of the beam can be stated as
where N , M , and Q are the stress resultants defined as
The variation of the potential energy by the applied transverse load q can be written as
The variation of the kinetic energy can be expressed as
where dot-superscript convention indicates the differentiation with respect to the time variable t ;   z  is the mass density; and   0 1  1 2  2  2 , , , , , I I J I J K are the mass inertias defined as
Substituting the expressions for U  , V  , and K  from Eqs. (4), (6) , and (7) into Eq. :
The boundary conditions are of the form: specify
The equations of motion and boundary conditions of the CBT can be obtained from Eqs. (9) and (10) by setting the shear component of transverse displacement s w equal to zero.
Constitutive equations
FGMs are composite materials made of ceramic and metal. The material properties of FG beams are assumed to vary continuously through the depth of the beam by a power law as [19, 22, 24, 29]     m c m c
where P represents the effective material property such as Young's modulus E ,
Poisson's ratio  , and mass density  ; subscripts m and c represent the metallic and ceramic constituents, respectively; and p is the power law index which governs the volume fraction gradation. The linear constitutive relations of a FG beam can be written as
By substituting Eq. (2) into Eq. (12) and the subsequent results into Eq. (5), the constitutive equations for the stress resultants are obtained as
Equations of motion in terms of displacements
By substituting the stress resultants in Eq. (14) into Eq. (9), the equations of motion can be expressed in terms of displacements ( , , b s u w w ) as
Analytical solutions
The above equations of motion are analytically solved for bending and free vibration problems. The Navier solution procedure is used to determine the analytical solutions 
where 
where n Q is the load amplitude calculated from
The coefficients n Q are given below for some typical loads 
Substituting the expansions of u , b w , s w , and q from Eqs. (17) and (18) where 2  3  3  4  4  4  2  11  12  13  22  23  33   2  2  2  11  0  12  1  13  1  22  0  2  23  0  2  33  0  2   ,  ,  , 
Results and discussion
In Table 2 contains the nondimensional deflections and stresses of FG beams under uniform load 0 q for different values of power law index p and span-to-depth ratio / L h . The calculated values based on the present TBT, SBT, HBT, EBT, and CBT are obtained using 100 terms in series in Eq. (20) . It is worth noting that the results of Li et al. [22] are evaluated based on the analytical solutions given in the Appendix B in the Ref. [22] . It can be observed that the values obtained using various shear deformation beam theories (i.e., TBT, SBT, HBT, and EBT) are in good agreement with the those given by Li et al. [22] for all values of power law index p and span-to-depth ratio Fig. 10 for various values of power law index p . In this figure, the deflection ratio is defined as the ratio of deflection predicted by shear deformation beam theory to that predicted by CBT. It can be seen that the deflection ratio is greater than unity, as expected. It means that the inclusion of shear deformation effect leads to an increase in the deflections and more pronounced for short beams. Table 4 for different values of power law index p and spanto-depth ratio / L h . It can be seen that all shear deformation beam theories give the same frequencies, whereas the CBT overestimates them for all cases considered. Effect of shear deformation on frequency ratio, which is defined as the ratio of frequency predicted by shear deformation beam theory to that predicted by CBT, is plotted in Fig.   11 . The difference between the frequencies of CBT and shear deformation beam theories is significant for higher modes and for small span-to-depth ratios / L h (see Table 4 and Fig. 11 ). This is due to the effects of shear deformation and rotary inertia.
Results for bending analysis

Results for free vibration analysis
These effects lead to a reduction of the vibration frequencies and the reduction is (1) The proposed beam theories satisfy the stress-free boundary conditions on the top and bottom surfaces of the beam, and do not require a shear correction factor.
(2) CBT comes out as a special case of the proposed theories. Hence, finite element modes based on these beam theories will be free from shear locking. 
